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Abstract—This paper investigates the fuzzy H.. filter design
issue for nonlinear systems with time-varying delay. In order
to obtain less conservative fuzzy H., filter design method, a
novel integral inequality is employed to replace the conventional
Lebniz-Newton formula to analyze the stability conditions of the
filtering error system. Besides, the information of the membership
functions is introduced in the criterion to further relax the
derived results. The proposed delay dependent filter design
method is presented as LMI-based conditions, and corresponding
definite expressions of fuzzy H. filter are given as well. Finally,
a simulation example is provided to prove the effectiveness and
superiority of the designed fuzzy H., filter.

I. INTRODUCTION

Filtering is playing a critical role in signal processing, and
during last decades, a variety of filters have been developed,
like Kalman filter [1], H, filter [2], and H, filter [3, 4].
Among them, H., filter has attracted considerable attention
from researchers, since it can deal with systems with uncer-
tainty, and it has no specific requirement for external noises.

Moreover, time-delay often appears in practical systems,
which can destroy the system performance and even cause
instability of the control system. Therefore, the study of time-
delay systems is of great importance [3—5]. When dealing with
analysis and synthesis problems of nonlinear systems with
time-delay, the T-S fuzzy model[6, 7] is often employed, which
can represent the nonlinear system as the weighted sum of
some local linear models. Motivated by the parallel distribution
compensation (PDC) methodology [8], we assume that the
fuzzy H, filter to be designed and the T-S fuzzy model have
the same premise membership functions and the same number
of rules in this paper. Thus, the stability analysis and synthesis
can be facilitated.

As the fuzzy H, filter has to guarantee the whole filtering
system is asymptotically stable, the Lyapunov stability theory
[9] is applied, which will make the derived results conser-
vative. To reduce conservatism, researchers have developed
various methods [3, 5, 6, 9]. To mention a few, in [5], a delay-
dependent fuzzy H,, filter design method was proposed for
T-S fuzzy-model-based system with time-varying delay. How-
ever, in this paper, the Lyapunov-Krasovskii function candidate
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was chosen as a single Lyapunov function, to obtain more
relaxed results, the literature [4] adopted a fuzzy Lyapunov
function to analyze the stability condition. In [3], the fuzzy
H, filter design approach was improved by estimating the
upper bound of the derivative of Lyapunov function without
ignoring any useful terms. On the basis of [3], literature [6]
proposed a technique to obtain more accurate upper bound of
the derivative of Lyapunov function. However, all the afore-
mentioned literature used the inequalities derived from the
Leibniz-Newton formula [3] to derive stability conditions, just
like in some other literature [10-12]. Though such methods
can solve the fuzzy H., filter design problem, the derived
results are conservative and there is little room left to further
reduce the conservatism. Therefore, in this paper, we aim
to propose a new less conservative fuzzy H,, filter design
method which is not based on the conventional Leibniz-
Newton formula. Besides, to the best of our knowledge, no
existing fuzzy H, filter design method has considered the
information of membership functions, which motivate us to
investigate a membership function dependent design method.

To achieve our goal, the fuzzy H, filter to be designed
and the T-S fuzzy model will be assumed to have the same
premise membership functions and the same number of fuzzy
rules. To reduce the conservatism of the design method, a
novel integral inequality [13] will be employed to replace the
traditional Leibniz-Newton formula to deal with integral term
/ f T (s)Ri(s)ds in stability analysis. Besides, the informa-
tion of the membership functions will be taken into account
in the derived criteria to further relax the derived results.

II. PRELIMINARIES

Consider a nonlinear system involving time-varying delay,
which is described by the following p-rule T-S fuzzy model:
Plant Rule i: TF vy (t) is MY and 19(t) is M5 and ... and
tm(t) is M¢ , THEN
z(t) = Ajz(t)+ Anx(t —1(t)) + Biw(t),
Cix(t) + Criz(t — 7(t) + Dyw(t),
E;x(t) + Erx(t — 7(t)),
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z(t) B(t), (1)

where i = 1,2,...,p. ¥o(t)(a =1,2,...,m) is the premise
variable. M?, is the fuzzy term of rule i which corresponds
to the function . m is a positive integer. And z(¢) € R"
is the system state, z(¢) € R? is the unknown signal to be
estimated, y(¢) € R™ is the system output, w(t) € R? is the
noise signal which is assumed to be arbitrary and satisfies
’U)(t) e Ly € [O, OO) Ai, ATZ', Bi, Ci, Cﬂ;, D; E; E.; are
given system matrices. Time delay 7(¢) is a continuously
differentiable function, satisfying the conditions:

Vt € [—To,O],

0<r(t)<h, () <p. )

By fuzzy blending, the system dynamics can be presented as

i(t) = Z vi (P (t))[Aiz(t) + Ariz(t — 7(t)) + Biw(t)],
y(t) = Z vi (Y (1)) (Cix(t) + Crix(t — 7(t) + Dsw(t)),
z(t) = Zvi(¢(t))(Ei$(t) + Era(t —7(1))).

3)
where v;(1(t)) = T2 s (Yo (1)) S0, T s (Y (1))
is the normalized membership function satisfying:

Do) = 1, vi((t) > 0; and s (Ve ((2)) is
the grade of membership function which corresponds to the
fuzzy term M.

Motivated by the parallel distribution compensation (PDC)
methodology [8], the fuzzy H, filter is assumed to have the
same premise membership functions and the same number of
fuzzy rules as the fuzzy model, which can be presented as:

Filter Rule j: TF 11 (t) is M3 and ¢o(t) is M3 and ...
and 9, (t) is M7 , THEN
z(t) = A;a(t) + Bjy(t), @
&(t) = (1),
where j = 1,2,...,p. &(t) € R™ and 2(t) € RY are the state
and output of the fuzzy H, filter respectively. And Aj, B s C’j
are the filter matrices of that will be designed.

Similarly, through fuzzy blending, the fuzzy H,, filter to
be designed can be presented as

(1) =}

~ 5)
2(t) =Y _vi(y(t)Cja(t)

j=1

According to (3) and (5), and define the augmented state
vector as ((t) = [27(t),2(t)]" and e(t) = 2(t) — 2(t), we
can obtain the H, filtering system as follows
(B)C(0) + Ar()C(E = 7(1)) + B(t)w(t)),
(0)C(t) + E- ()¢t —7(1))),

C(t) =

6
o ©)

A
E

where ¢(0) = [6(t), &o] for V¢ € [~70,0], and
A(t)zéiw(t»wu» e 4]
Af<t>z§p;j§p;w<w<t>>vj<w<t>> v
Bl = é;vxw»vgw» Lan |
B(H) = g;vxw(t))v] WONE -0l
B =23 w0 E 0]

Ergo, the fuzzy H., filter design problem that will be
resolved in this paper can be summarized as follows:

Fuzzy H filter issue: Design a fuzzy filter in the form of
(5) satisfying the following two conditions:

(1) If w(t) = 0, the filtering system (6) is asymptotically
stable;

(2) For a given scalar v > 0, if ((¢) = 0 for t € [—h, 0], the
following H, performance can be satisfied for all the 7" > 0
and w(t) € L2[0, 00).

/0 le(t)|2dt < 42 / o (t) 2.

Besides, the following lemma is useful for the later deduc-
tion of the main results.

Lemma 1 [13]: Tt is assumed that = is a differentiable
function: [, 3] — R"™ For Nj,No, N3 € R"*" and
R € R™*"™ > (, the following inequality holds:

)

- /ﬁ @7 (s)Ri(s)ds < £TQ¢, 8)
where :

Q=71(N RN + %NgR‘lNQT + éNgR_lNg)

+ Sym{N1A; + NaAg + N3As},
ei = [ Onx(i-1n  In  Onx(a—in] »

T:B_aa
IT; = e; — ea,

II; = ey + e —2e3, 1l3 =e; — ey — Geg + bey,

§=2T(8) aT(a) §[JaT(s)ds % [ [2a" (u)duds).
III. MAIN RESULTS

First, a sufficient stability condition for the filtering system
(6) will be derived.

Lemma 2: Given constants h, p and v > 0, the system
(6) is asymptotically stable with w(t) = 0, and satisfies
the prescribed H,, performance requirement (7), if there
exist matrices P = PT ¢ R?"*2n |y = YT ¢ R2nx2n,
Z = 7T € R?"*2n guch that the following inequality is
feasible.

2(t) VArTP  TT(t)
D(t) = -pPz='P 0 | <o, 9)
* * -1
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-3Z 7 127 —-10Z O
3 * -3Z =87 102 O
A:E * * —64Z 607 O0f,
* * * —60Z 0
* * * * 0
PA#)+ AT(t)P+Y PA.(t) 0 0 PB(t)
* -Y 0 0 0
Z5(t) = * 00 0
* * 0 0
* * * —")/2
(1) = [A) A(8) 0 0 B()],
Ia(t)=[E(t) E-(t) 0 0].

Proof: Constructing the Lyapunov-Krasovskii function as
follows:

V() =CT(O)P(t) + / RACACE
t—7(t (10)

0yt
+ / C(s)TZ¢(s)dsdb.
h Jt+60
Then the derivative of V(¢) can be obtained as

V() =2¢T (6) PC(t) — (1= 7(1)CT (¢ = 7(£)YC(t — 7(1))

(T 2E(t) / )T 2E(s)
(an

Applying Lemma 1 to the last term in the right hand side of
(11), we can obtain
t

— [ () zé(s)ds < - / (T ()24 (s)ds
t—7(t)

t—h

+ hé(t)

t
< uT(t) [T(t)Mlz—lMlT + %MQZ*MZT

t
* ?MgZ_lMg + Sym{MII; + MoIly + Mslls}| u(t)

h h
< ur () [hMlz_lMlT + =My Z M+ gMSZ—lMg

3
+ Sym{M1H1 + M2H2 + M3H3} /J(t)

= uT(t) (Z1 + Za) u(?),
(12)
where

pu(t) =
[<"(t) CT(t—T(t)) %)ff”)CT(S)ds 01

B 7_2 / /t T(t)

h
By =hM, Z7'MT + MZ ‘mf+ M32*1M3T,
= = Sym{M1H1 + M2H2 =+ Mng},

ei = [ Oonx(i—1)2n  Ion  O2nx(5-i)2n] -

w(t)]",

w)duds,

So according to (2) and (6), we can acquire
V() < 2¢7(t) PIA(t)C(t) + A (£)C(t — 7(1) + B(t)w(t)]
— (L= )Tt = ()Yt —7(t))
+hC(O)TZC(1) + pT (1)(E1 + E) ). 13

After some algebra, (13) can be expressed as the following
compact form:

V() + el (t)et) — v2wT (w(t) < pT () (21 + Zp

- T T 14)
+ E3(t) + Ay () ZT1(t) + Ty (6)12(1)) (),
where Z3(t), T'1(¢), Ta(t) are defined in (9).
So if
B4+ S0+ Z3(t) + ATTZT1(t) + T (t) <0,  (15)
there will have
V(t) 4+ T (t)e(t) — v*wT (H)w(t) <0, (16)

which can be converted to

L
/ (le@NI?=?lw®)*)dt+V () e=r. =V (t)]e=0 < 0, (17)
0
as V(t)|t=o = 0 and V' (¢)|;= > 0. So we have

L L
e 2 2 w 2
/O le(@)]l dté/o VIl (@)]7)at

for all L > 0, and any nonzero w(t) € Ly[0, c0), which means
the H,, performance requirement is satisfied.

Besides, to reduce computational complexity, we will elim-
inate free matrices by assuming

(18)

1
My=[-Z Z 00 0"

Mgz%[—z -z 22 0 0" (19)
MSZ%[—Z Z 6z —6z 0"

Then Z; + =5 can be written as A, where A is defined in (9).
Applying the Schur Complement lemma, we can transfer (15)
to (9).

Moreover, from inequalities (14) and (15), we can get
V(t) < 0 when w(t) = 0, which means the filtering system
(6) is aymptotically stable. Thus, the proof of Lemma 2 is
completed.

Remark 1: 1t can be seen from the proof process that a novel
1nte%ral inequality is applied to deal with the integral term
- h(T YZ((s)ds, which is tighter than other existing
ones. Therefore, the derived results can be less conservative.
Besides, the stability condition obtained has a simpler form,
which means the proposed method can be more practical.
Usually, the Leibniz-Newton formula [10] is used to do this
work, the introduction of the novel integral inequality provides
another approach to further reduce conservatism, and improve
the performance of the system.

From the discussion above, we have got the sufficient
condition for the existence of fuzzy H, filter. Next we will
focus on the fuzzy H. filter design for system (3).
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Theorem 1: Given constants h, p, w and v > 0, the system
(6) is asymptotically stable with w(t) = 0, and satisfies the
prescribed H, performance requirement (7), if there exist
matrices

popr- [ o] (0)
vy = YT ¢ R2nx2n 7 =77 ¢ R27x2n  guch that the

following LMIs (21) are feasible.

Tij + Tji < Oa 1 < j7 13.7 = 1a27~~~7p7 (21)
where
éij \/>F1z1 - ]‘—‘%;j
Tii=1|% —2wP+w?’Z 0|,
* * -1
Eij = A+ Eayj,
-3Z Z 127 —-10Z O
3 3 * -3Z —-8Z 10Z O
A:E * x =647 60Z 0],
* * * —60Z 0
* * * * 0
Sym{/\uj}—&-f/ /\Qy 0 0 sy
~ * -Y 0 0 O
Hsij = * *x 0 0 0|,
* * x 0 0
* x % ok —n2
Tyj = Aij Azij 00 g,
Doy = [[E: €] [Ea 0] 0 0 0],
A\ PiA + %;C; o
Y9 T | Py Ay + B;C;

o — Py Agi + #BiCqi 0 Neis — Py B; + %;D;
24 PyyAgi + HB;Caqi 0]’ 317 Py, B; + #;D;

and in this case, the parameters of the fuzzy H, filter can be

presented as
Ay = Pylety, By =Pn'®B;, C;=%.  (22)
Proof: For arbitrary constant w, the following inequality

holds:

(wZ — P)Z *wZ - P) >0, (23)
which can also be presented as
—PZ7'P < —2wP +w?Z. (24)

As a result, if the following inequality (25) holds, the inequal-
ity (9) is true.

2(t) viarTp 1Y
* —2wP+w?Z 0| <0. 25)
* * -1
Then introduce a partition as
| Pu P2
P= { « Py ] , (26)

where Py1, Pp are assumed to satisfy: Py = P, Poy = Pi,,
and Pjq is invertible by invoking small perturbation if it is

necessary.
Let
1 0
F - |:* P22TP1€1| ) (27)
and G = diag{F, F,F, F,1}. Using diag{G, F,1} and its

transpose to post multiply and pre multiply (25), then we can
get

B(t) =D > wilw(t)v; (¥(1)Tij <0,

(28)
i=1 j=1
with the changes of variables as
Pa=Pupp Pl P=rTpr= | )
* P22
Y =F'YF, Z=F'ZF, = P1A;P;" Ph,
Bj = PuBj, € =CiPy' P,
(29)
where T;; is defined in (21).
From (29), we can obtain:
A; = PRl PR Py, B = PR, 30)

CA(j = %ijQTPg;-

As }522 = P12P2_21P£, through an equivalent transformation
PfZTPgQ;T:(t), we can obtain an admissible fuzzy H, realiza-
tion as:

A/j = P1_2TP22( 121%P12TP22)P22TP12 = 221@7
B'; = PlETP22(P121*%)j) = P22 93]7
C'j = (6P, Pay) Py’ Piy = 6.

€1y

Besides, inequality (28) can also be denoted as

b(t) = szz(lﬁ(f))% (s(
= Z vi(P())2 Yy + Z Zvi(¢(t))vy ((t
i=1

i=1i<j
where Y;; is defined in (21).

Therefore, if (21) holds, we can derive i)(t) < 0, which
implies the filtering system (6) is asymptotically stable, and it
can satisfy the H,, performance condition (7) as well. Thus,
we finish the proof of Theorem 1.

Theorem 1 has provided a feasible method to design fuzzy
H, filter for system (3). However, as some inequality con-
straints is expanded in the deduction process, the derived result
is conservative. To reduce conservatism of the filter design
method, we will introduce the information of the membership
functions in the following criterion.

)L

N(Lij + Lji),
(32)
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Theorem 2: Given constants h, p, w and v > 0, the system
(6) is asymptotically stable with w(t) = 0, and satisfies the
prescribed H, performance requirement (7), if there exist
matrices

P=pPT = {Pil gzj : (33)
ffi _ Y/;T c R2n><2n’ Z ZT c R2n><2n J’L] _ JzT

R(10n+2)><(10n+2)’ Kij _ KT R(10n+2) (1077,+2) such that
the following LMIs (34) are feas1ble.
Qij+jS<07 1< 7,

i?j: 172""’p7 (34)

where

p p p p
Qij =Tij — Jij + Kij + ZZ MabJab — ZZ ki Kkt
a=1b=1 =1 1=1

T;; is defined in (21), and in this case, the parameters of the
fuzzy H filter can be expressed as

Ay = Pyl B

i —P22 #j, O =1 35)
Proof: In this part, we denote v;(1(t))v; (¥ (¢)) as m;;, re-
spectively to decrease the computational complexity. Besides,
it is assumed that m;; and m;; represent the lower bound and
upper bound of m;;.
From the discussion above, we have

— Y (Hw(t) < p"(OS(H)p(t).  (36)

Through a straightforward computation, we can derive

V(t) + el (t)e(t)

=

) (t)u(t) = Z Z mig " (£)Yij(t)

where Q;; is defined in (34).

Since
P p
Z Zmz‘jMT(t)Q
i=1 j=1
7.1,“4 + Z Z mz]ﬂ

P
T
ZE mip (t)
=1 =1 1<j

i (t)

£)(Qj + Qi)

(38)
Consequently, if (34) holds, we can derive that the following
inequality holds

V(t) + el (t)e(t)

which means that the filtering system (6) is asymptotically
stable and the H, performance condition (7) can be satisfied,
thus, we accomplish the proof of Theorem 2.

Remark 2: In Theorem 2, the information of the mem-
bership functions is considered in the criterion, consequently,
less conservative result can be obtained. However, compared
with Theorem 1, the criterion presented in Theorem 2 is more
complex, which implies that it will be more difficult to realize
in engineering applications. Therefore, both Theorem 1 and
Theorem 2 are meaningful.

— 2wt (t)w(t) < 0, (39)

IV. NUMERICAL EXAMPLE
In this section, we will use one numerical example to
illustrate the effectiveness of the proposed approach.
A. Example 1

Consider the example given in [4], which can be presented
as (1) with

[—2.1 0.1 -1.9 0
A= 1 } Az = [—0.2 —1.1} ’

-11 01 -0.9 0 1
An = {—0.8 —0.9} Ar2 = [—1.1 —1.2} B = { —0.2} ’
B, — 83”} Ci=[1 0.c=[05 —06],
Cri=[ 08 0.6],Cro=[-02 1],D; =03,
Dy=—06,E =[1 —05],E=[-02 03],

En=[01 0],En=[0 02].

and the membership functions are defined as

0.5
mvvz(h(ﬂ) =1 —wi(z1(t)).

Let (p,w,h) = (0.2,2,0.5), using the criterion described
in theorem 2, we can get the minimum attenuation level v =
0.17, and according to (34) and (35), we can obtain a group
of feasible filter parameters as follows

’(}1(331 (t)) =1-

4 _ [-54988 07614 ] 4, _ [-0.0367 —8.6368
1706899 —1.6958) 727 |-3.3984 —10.8002)
n _ [—3.3721] 5, [—2.1468

B = [0.1692 B2 =10 0148

Cf = [-1.0777 0.1460] , C = [-0.5006 0.0419] .
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Note that different (h,w) can yield different value of
minimum attenuation level v, and to fully illustrate the su-
periority of the proposed method, we will use Theorem 2
in this paper and other recently developed methods to find
minimum attenuation level . All the computational result are
summarized in Table I-III.

TABLE I
THE MINIMUM ATTENUATION LEVEL ¥ FOR w = 2
method h=05 h=06 h=08 h=1
[4] 0.25 0.25 0.27 0.29
[6] 0.24 0.25 0.25 0.26
[71 0.23 0.24 0.25 0.25
Th. 2 0.17 0.19 0.21 0.24

TABLE II

THE MINIMUM ATTENUATION LEVEL 7 FORw = 5

method h=05 h=06 h=08 h=1

[4] 0.24 0.24 0.25 0.26

[6] 0.24 0.24 0.25 0.26

[7] 0.23 0.24 0.24 0.25

Th. 2 0.18 0.20 0.21 0.22
TABLE III

THE MINIMUM ATTENUATION LEVEL 7y FOR w = 20

method h=05 h=06 h=08 h=1
[4] 0.26 0.28 0.44 ——
[6] 0.25 0.26 0.35 0.45
[7] 0.23 0.24 0.25 0.25
Th. 2 0.23 0.23 0.24 0.25
where —— denotes that the minimum attenuation level

does not exist.

From Table I-1II, we can see that the designed approach in
this paper can produce smaller value of minimum attenuation
level  than those in [3—6], which implies the proposed method
in this paper is less conservative than those in [3-6].

Remark 3: There are two reasons for the less conservative
results. First, a novel integral inequality (8) is introduced,
which is tighter than the conventional integral inequalities
derived from the Leibniz-Newton formula, and less conserva-
tive stability conditions can be derived. Second, a membership
functions dependent technique is used, which can help further
relax the results.

V. CONCLUSIONS

This paper investigates the fuzzy H,, filter design issue
for nonlinear systems with time-varying delay. The T-S fuzzy
model has been used to represent the dynamics of the nonlinear
time-delay system. And a novel integral inequality which is
tighter than the inequalities derived from the Leibniz-Newton
formula has been applied in the deduction process. Motivated
by the PDC methodology, the fuzzy filter in this paper has
been allowed to have the same membership functions as the
fuzzy model. Besides, the information about the membership
functions has been introduced to reduce the conservatism. And

in the last, a simulation example has been given to illustrate
the effectiveness and the superiority of the proposed criteria.
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